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Pre- and post-selected (PPS) measurement, especially the weak PPS measurement, is a useful pro-
tocol for amplifying small physical parameters. However, it is difficult to retain both the attainable
highest measurement sensitivity and precision with the increase of the parameter to be measured.
Here, a modulated PPS measurement scheme based on coupling-strength-dependent modulation is
presented with the highest sensitivity and precision retained for an arbitrary coupling strength. This
idea is demonstrated by comparing the modulated PPS measurement scheme with standard PPS
measurement scheme, respectively, in the cases of balanced pointer and unbalanced pointer. By us-
ing the Fisher information metric, we derive the optimal pre- and post-selected states, as well as the
optimal coupling-strength-dependent modulation without any restriction on the coupling strength.
We also give the specific strategy of performing the modulated PPS measurement scheme, which
may promote practical application of this scheme in precision metrology.

I. INTRODUCTION

Pre- and post-selected (PPS) measurement, which was
first proposed by Aharonov, Bergmann and Lebowitz
(ABL), is of fundamental significance in quantum mea-
surement [1]. PPS measurement is performed on a sub-
ensemble of a quantum system (QS) with chosen pre-
and post-selected states such that the coupling strength
between QS and measurement apparatus (MA) can be
measured. A typical extension of PPS measurement
is the weak PPS measurement (i.e., the so-called weak
measurement), which requires an extremely weak cou-
pling strength [2–4]. Weak measurement has attracted
much attention due to the striking amplification effect
on some ultra-small physical parameters with an ampli-
fication factor of weak value [5–17]

Aw =
〈ψf |Â|ψi〉
〈ψf |ψi〉

, (1)

where Â denotes the observable of QS. |ψi〉 and |ψf 〉 de-
notes the pre- and post-selected states of the QS, respec-
tively. In principle, the weak value can be very large
even to far exceed the eigenvalue spectra of Â when
〈ψf |ψi〉 → 0[2, 18]. Consider a physical parameter serv-
ing as the coupling strength g in a Hamilton interaction
Ĥ = −gÂ ⊗ q̂ with q̂ being the pointer of MA, the MA
state after a PPS measurement can be written as

〈ψf |Ψ〉 = 〈ψf | exp(−igÂ)|ψi〉|Φi〉
≃ 〈ψf |1− igÂ⊗ q̂|ψi〉|Φi〉
≃ 〈ψf | exp(−igAwq̂)|ψi〉|Φi〉, (2)

where |Φi〉 represents the initial state of MA with a stan-
dard deviation σ. Generally, the first approximation is
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feasible with a weak coupling satisfying |g|σ ≪ 1, and the
second approximation requires a weaker coupling satisfy-
ing |gAw|σ ≪ 1[4, 19–21]. In this fashion, this extremely
weak coupling strength g can always be extracted from
the pointer shift in a linear-response regime, i.e., linear
weak-value amplification with high-precision.

However, such linear weak-value amplification is valid
only for measuring extremely small parameters in the
case of balanced pointer (q0 = 0), such as the detection in
position space[11, 22]. In fact, there exists many scenar-
ios involving unbalanced pointer which requires a nonzero
expected value for initial pointer (q0 6= 0), such as the
detection in frequency space[10, 23]. For the cases of
balanced and unbalanced pointer, it is difficult to retain
both the attainable highest measurement sensitivity and
precision with the increase of the coupling strength, even
within the weak coupling limit. To address this problem,
Zhang. et al recently introduced a bias phase approxi-
mating to the post-selected angle, which has the potential
to retain the measurement sensitivity only for extremely
weak coupling strength[24]. More recently, Li. et al pro-
posed an adaptive weak-value amplification scheme to re-
tain the highest precision, in which the coupling strength
can be relaxed to |g|q0 ≪ 1[25].

In this paper, we propose a modulated pre- and
post-selected measurement (PPSM) scheme based on
the coupling-strength-dependent modulation. With the
highest sensitivity and precision, the coupling strength
can be further relaxed to an arbitrary magnitude, even
to the case of strong PPS measurement. We theoreti-
cally analyze the measurement sensitivity and precision
for the cases of balanced and unbalanced pointer, respec-
tively. We also give the optimal pre- and post-selected
states, as well as the optimal modulation of the coupling
strength that correspond to the highest precision without
any approximation. Our numerical comparison demon-
strates that the modulated PPSM scheme is more feasible
and efficient in precisely measuring an unknown param-
eter.
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This paper is organized as follows. In Sec. II, we con-
sider the common Gaussian-type wave function of MA,
and theoretically analyze the modulated PPSM scheme
for the cases of balanced and unbalanced pointer, respec-
tively. In Sec. III, we take the beam deflection mea-
surement and the time delay measurement as examples
of the balanced pointer and unbalanced pointer, respec-
tively, and compare the modulated PPSM with the stan-
dard PPSM from the view of the sensitivity, precision
and post-selected probability. In Sec. IV, we give con-
crete realization steps of measuring an unknown param-
eter via the modulated PPSM scheme. We summarize
our conclusions in Sec. V.

II. COUPLING-STRENGTH-DEPENDENT

MODULATION

In this section, we begin with a generalized expres-
sion of the modulated PPS measurements. Then, we de-
rive the optimal pre- and post-selected states, as well
as the optimal coupling-strength-dependent modulation
that can reach the highest measurement precision, with-
out any restriction on the coupling strength.
Consider a two-level QS which is pre-selected at a state

of superposition |ψi〉 = cos(θi/2)|0〉 + sin(θi/2)e
iφi|1〉,

with |0〉 and |1〉 representing the eigenstates of the ob-

servable Â = |0〉〈0| − |1〉〈1|. Besides, MA is prepared
at |Φi〉 =

∫
dqf(q)|q〉 in which f(q) represents the wave

function of MA with respect to pointer q. Without loss
of generality, suppose f(q) is the common Gaussian-type
wave function centered on q0 with a standard deviation σ,
which is written as f(q) = (πσ2)−1/4 exp[−(q−q0)2/2σ2].
The MA then is coupled to the QS with a coupling
strength noted as g. Unlike the standard coupling in
the most discussions of PPS measurement[3, 20], here
we consider an additional modulation for the coupling
strength, noted gM . Therefore, the interaction Hamilto-
nian between QS and MA is described as

Ĥ ′ = −(g + gM )Â⊗ q̂. (3)

The QS-MA joint state then is given by

|Ψ′〉 = e−i
∫
Ĥ′dt|ψi〉|Φi〉. (4)

To represent the measurement precision of the coupling
strength g (i.e., the physical parameter to be measured),
we will introduce the Fisher information (FI) metric. FI
is defined based on the maximum likelihood estimation
strategy, the estimation variance exists a lower limit (i.e.,
the Cramer-Rao bound) corresponding to the maximal
FI[26]. In principle, more FI about the parameter to
be measured contained in a measurement scheme means
that one can reach higher measurement precision. Thus,
it is worth calculating the maximal FI contained in the
pure joint state |Ψ′〉 , i.e., the so-called quantum fisher
information (QFI)[26–28]

FQ = 4(〈∂gΨ′|∂gΨ′〉 − |〈Ψ′|∂gΨ′〉|2). (5)

FQ can reach its maximum FQ
max = 4〈q2〉0 = 4q20 + 2σ2

when cos θi = 0, signifying the attainable highest mea-
surement precision (see Appendix A). Obviously, the
maximal QFI is independent of the coupling strength
g to be measured, but only depends on the initial dis-
tribution of the MA. As the coupling strength g is am-
plified through a post-selection on the QS, consider the
post-selected state written as |ψf 〉 = cos(θf/2)|0〉 +
sin(θf/2)e

iφf |1〉. In this fashion, the MA state is de-
scribed as

|Φ′

f 〉 =
〈ψf |Ψ′〉√

pd
, (6)

with the successful post-selected probability pd =
|〈ψf |Ψ′〉|2. After the post-selection, the total intensity
undergoes a large reduction while the coupling strength is
significantly amplified. Now, a crucial problem arises as
to whether the maximal QFI FQ

max contained in |Ψ′〉 can
be completely retained after post-selection? Concretely,
if only retaining the successfully post-selected MA state,
the QFI contained in |Φ′

f 〉 is given by

Fd = pdQd, (7)

with Qd = 4(〈∂gΦ′

f |∂gΦ′

f 〉 − |〈Φ′

f |∂gΦ′

f 〉|2). Fd has the

potential to reach FQ
max provided that sin θi sin θf = −1.

For a given φ = φi − φf , the maximal Fd in the cases of
balanced pointer (with q0 = 0) and unbalanced pointer
(with q0 6= 0 and |q0| ≫ σ), respectively, corresponds to
the coupling strength (see Appendix B)

gI = −gM , gII =
φ

2q0
− gM . (8)

That is to say, the highest precision (corresponding to the
maximal Fd) can be imparted to an arbitrary coupling
strength g in terms of the expression of Eq. (8). The
maximal Fd reaches FQ

max only when |φ| ≪ 1. With
the increase of φ, the maximal Fd tends to be decreased
slightly.
In the context of reaching the highest possible preci-

sion, the pre- and post-selected states of the QS are recast
as

|ψi〉 =
1√
2
(|0〉+ |1〉), (9)

and

|ψf 〉 =
1√
2
(|0〉eiφ/2 − |1〉e−iφ/2), (10)

respectively, where φ designates the post-selected angle
of the QS. Therefore, by performing the modulated PPS
measurements with coupling-strength-dependent modu-
lation, the coupling strength g can be extracted from the
shift of the expected value of the pointer in the cases of
balanced and unbalanced pointer, i.e.,

∆〈q〉I =

∫
dqq|〈q|Φ′

f 〉|2
pd

=
σ2g′ exp(−σ2g′2) sinφ

1− exp(−σ2g′2) cosφ

≃ σ2g′Im(Aw), (11)
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and

∆〈q〉II =

∫
dqq|〈q|Φ′

f 〉|2
pd

− q0

=
σ2g′ exp(−σ2g′2) sin(2q0g

′ − φ)

1− exp(−σ2g′2) cos(2q0g′ − φ)

≃ 2q0g
′ − φ

g′
, (12)

respectively. g′ = g + gM represents the total coupling
strength. These two approximation terms correspond to
the most precise region of the coupling strength g to
be measured for the cases of balanced and unbalanced
pointer, respectively. For the case of balanced pointer,
the approximation is feasible provided that |g′σ| ≪ |φ|/2
which is equivalent to the so-called linear region[4, 29].
Under the approximation, we can see that the total cou-
pling strength g′ is linearly amplified by the pointer shift
with the weak value Aw = i cot(φ/2). For the case of the
unbalanced pointer, the approximation is feasible pro-
vided that |g′(q0 + σ)| ∼ |φ|/2 which refers to the so-
called nonlinear intermediate region[4].

III. COMPARISON OF STANDARD AND

MODULATED PPSM SCHEMES

To specifically reflect the restriction of the magnitude
of the coupling strength on the measurement sensitivity
and precision in the standard PPSM scheme, and the
advantages of the modulated PPSM scheme, we com-
pare the two schemes in measurement sensitivity, preci-
sion and the post-selected probability.

A. Balanced pointer

We take the beam deflection measurement as an ex-
ample of the case of balanced pointer, in which the
transverse position (noted as x) is considered as the
degree of freedom (DOF) of the MA. Therefore, the
transverse momentum (noted as k) conjugate to posi-
tion serves as the coupling strength to be measured in
an interaction Hamilton Ĥ = −kÂ ⊗ x̂. For the mod-
ulated PPS measurement, an added transverse momen-
tum kM reconstructs a modulated interaction Hamilton
Ĥ ′ = −(k+kM )Â⊗ x̂. Moreover, the QS is considered to
be a two-level system with some selectable DOFs, such
as the polarization of light, the which-path of a Sagnac
interferometer.
In Fig. 1, we plot the shift of the average transverse

position and the measurement sensitivity (characterized
by the slope of the position shift curve) as a function of
the transverse momentum to be measured, respectively,
in standard PPSM (with kM = 0)and modulated PPSM
schemes. Before the PPS measurement, a Gaussian-type
wave function of the MA is centered on x0 = 0 with a
standard deviation assumed as σ = 200µm. In standard
PPSM scheme [see Fig. 1(a)], the position shift curve is

always centered at k = 0. For a fixed post-selected angle
φS , the measurable range of momentum is limited at the
linear region |kσ| ≪ |φS |/2 with prominent sensitivity.
With the increase of the post-selected angle, the range
of the linear region can be broaden, which enables linear
weak-value amplification for a lager transverse momen-
tum. Nonetheless, the sensitivity as a whole tends to be
sharply decreased with the increase of the post-selected
angle, as shown in Fig. 1(c). In this regard, in the stan-
dard PPSM scheme the measurable range of momentum
can be extended at the sacrifice of the sensitivity.
In modulated PPSM scheme, this issue can be solved

with an appropriate modulation kM for transverse mo-
mentum. For a fixed post-selected angle φM , the po-
sition shift curve can be arbitrarily translated and be
centered at an arbitrary momentum k = −kM , see Fig.
1(b). The modulated linear region then is limited at
|(k+kM )σ| ≪ |φM |/2. When taking a small post-selected
angle which corresponds to a narrow linear region, the
high sensitivity can be retained with the increase of the
momentum to be measured, see Fig. 1(d).
To explore the influence of momentum modulation on

measurement precision, we calculated the classical FI af-
ter a successful PPS measurement, which is expressed
as[27, 30]

I(k) = pd

∫
dxP (x|k)∂2k lnP (x|k), (13)

where the normalized probability distribution of the mo-
mentum k after a measurement on the position is ex-
pressed as P (x|k) = |〈x|Φ′

f 〉|2 as a function of Eq.

(6), and the post-selected probability is given by pd =
[1−exp(−σ2k2) cosφ]/2. In the standard PPSM scheme,
the profile of classical FI that is always symmetric with
respect to k = 0 is shown in Fig. 2(a). For a fixed
post-selected angle φS , the classical FI is mainly gath-
ered around k = 0 and reach the maximum Imax at
k = 0. Imax has the potential to reach the maximal
QFI FQ

max = 2σ2 at k = 0 with an extremely small post-
selected angle, meaning that the attainable highest pre-
cision may be reached only for an extremely momentum
with k → 0. Interestingly, classical FI at the momen-
tum k except for the peak momentum region k → 0
tends to be increased significantly with the increase of
the post-selected angle. We can see that FI at the mo-
mentum k except for k → 0 is slightly lower than that at
k → 0 when considering a somewhat large post-selected
angle. This characteristic may be significant in measur-
ing the continuous momentum in real time. However,
FI at the peak momentum region k → 0, which approxi-
mates to Imax, shows slight reduction with the increase of
the post-selected angle, see the inset of Fig. 2(a). Overall
the standard PPSM scheme has little ability to retain the
highest measurement precision for a larger momentum.
In Fig. 2(b), we plot the corresponding classical FI

curve of the modulated SPPM scheme. By performing
an appropriate modulation for momentum, the FI curve
can be peaked at an arbitrary momentum k = −kM to be
measured. The peak momentum region with k → −kM ,
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FIG. 1: Shift of the average transverse position and measurement sensitivity with respect to transverse momentum k. (a) and
(c) show shift of the average transverse position with respect to transverse momentum k in standard PPSM and modulated
PPSM schemes, respectively. (b) and (d) show measurement sensitivity with respect to transverse momentum k in standard
PPSM and modulated PPSM schemes, respectively. The solid parts of the curves in (a) and (b) represent the corresponding
linear regions which are respectively limited at |kσ| ≤ |φS |/10 and |(k + kM )σ| ≤ |φM |/10 for these two PPSM schemes.
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FIG. 2: Classical Fisher information (FI) as a function of the
transverse momentum k in (a) standard PPSM scheme and
(b) modulated PPSM scheme, respectively.

to some extent, corresponds to the modulated linear re-
gion with prominent sensitivity. When keeping the small
post-selected angle of the standard PPSM scheme un-
changed, the corresponding maximal classical FI Imax

can be always retained with the increase of the momen-
tum to be measured. Furthermore, Imax can reach the
maximal QFI 2σ2 at an arbitrary momentum k = −kM
with an extremely small post-selected angle. Therefore,

using the modulated PPSM scheme has the potential to
reach the highest measurement precision for an arbitrary
momentum, rather than for an extremely small momen-
tum.

As the only restriction of post-selection on PPS mea-
surements is the post-selected probability, a question
arises as to whether the momentum modulation has an
influence on post-selected probability? In Fig. 3, We
compare the post-selected probability of the standard
PPSM scheme and the modulated PPSM scheme. In the
standard PPSM scheme [see Fig. 3(a)], the post-selected
probability tends to be increased with the increase of
the post-selected angle. Combined with the fact that a
smaller post-selected angle can in principle enhance the
measurement sensitivity and precision, in the modulated
PPSM scheme we keep the small post-selected angle un-
changed. As a result, the low post-selected probability
[see the inset of Fig. 3(a)] is always retained for an ar-
bitrary momentum k = −kM , see Fig. 3(b). Therefore,
in the modulated PPSM scheme the attainable highest
measurement sensitivity and precision may be retained
at an arbitrary momentum at the sacrifice of retaining
the extremely low post-selected probability.

B. Unbalanced pointer

For the case of the unbalanced pointer, we take the
time delay measurement for example, in which the fre-
quency (noted as ω) serves as the DOF of the MA.
Suppose a Gaussian-type wave function is centered on
ω0 = 2400THz with a standard deviation σ = 200THz.
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FIG. 3: Post-selected probability as a function of the trans-
verse momentum k in (a) standard PPSM scheme and (b)
modulated PPSM scheme, respectively.

The time delay, noted as τ , serve as the coupling strength
to be measured. In the modulated PPSM scheme, the
interaction Hamilton between the MA and the two-level
QS is reconstructed as Ĥ ′ = −(τ + τM )Â ⊗ ω̂ with a
modulated time delay τM .
In Fig. 4(a) and (c), we plot the spectrum shift and the

measurement sensitivity with respect to the time delay to
be measured in the standard PPSM scheme, respectively.
Unlike the case of balanced pointer [Fig. 1(a)] in which
the pointer shift curve is always centered at the zero-
value of the coupling strength, here spectrum shift curve
depends on the post-selected angle φS and is centered at
the time delay τ = φS/2ω0. In this case, the measurable
range of the time delay is limited at the nonlinear inter-
mediate region |τω0 − φs/2| ≪ |τσ| which shows higher
sensitivity, see Fig. 4(c). As shown in Fig. 4(a), the
spectrum shift curve shows a walk-off effect along the
time delay induced by the increased post-selected angle.
Besides, the nonlinear intermediate region tends to be
broaden with the increase of the post-selected angle, re-
sulting in the reduction of the measurement sensitivity.
Overall, standard PPSM scheme is impeded in measuring
larger time delay due to sharply decreased sensitivity.
Modulated PPSM scheme shows the superiority with

the same high sensitivity retained for an arbitrary time
delay, as shown in Fig. 4(d). Concretely, by adding
an appropriate time-delay-dependent modulation τM and
keeping the small post-selected angle φM unchanged, the
spectrum shift curve can be centered on an arbitrary
time delay τ = φM/2ω0 − τM , see Fig. 4(c). The
walk-off effect vanishes with the fixed post-selected an-
gle. Moreover, the measurable range of time delay is
limited at the modulated nonlinear intermediate region
|τ ′ω0 − φM/2| ≪ |τ ′σ| with τ ′ = τ + τM .
As for the precision difference between the standard

and the modulated PPSM schemes, we calculate the clas-
sical FI as follows

I(τ) = pd

∫
dωP (ω|τ)∂2τ lnP (ω|τ), (14)

The normalized probability distribution with respect to
time delay τ after a measurement on frequency is ex-
pressed as P (ω|τ) = |〈ω|Φ′

f 〉|2 with the post-selected

probability pd = [1− exp(−σ2τ2) cos(2ω0τ − φ)]/2.
As can be seen in Fig. 5(a), the classical FI curve

reaches the maximum Imax at the peak time delay
τ = φS/2ω0 for a fixed post-selected angle φS . The
peak time delay exactly falls within the nonlinear in-
termediate region. Unlike the measurement sensitivity
as discussed above, it seems that Imax (approximate to
FQ
max = 4ω2

0 + 2σ2) can always be retained for different
time delay with the corresponding post-selected angle.
In fact, Imax tends to slightly reduced with the further
increase of the post-selection angle (see Appendix B and
Fig. 8), which is hardly shown in the most measurement
scenarios. Furthermore, the classical FI at the time de-
lay τ except for the peak time delay is increased signifi-
cantly with the increase of the post-selected angle. That
is to say, the measurable range of the time delay around
τ = φS/2ω0 can be increased with an increased post-
selected angle from the point of view of the measurement
precision.
For contrast, it seems that in the most scenarios the

modulated PPSM scheme shows no improvement in pre-
cision, see Fig. 5(b). Combined with sensitivity curve
[see Fig. 4(c) and 4(d)], we can find that the sensitivity
in PPS measurements can be improved at the sacrifice
of the precision corresponding to the time delay except
for the peak time delay τ = φM/2ω0 − τM . However,
it is more crucial for one to reach the attainable highest
measurement sensitivity and precision. In this regard,
modulated PPSM scheme becomes the dominate scheme
to reach both the highest sensitivity and precision.
In Fig. 6, we compare the post-selected probability be-

tween the standard and modulated PPSM schemes. For
a fixed post-selected angle, there always exists the mini-
mum of the post-selected probability which corresponds
to the time delay τ to be measured. In the standard
PPSM scheme [see Fig. 6(a)], we can see that the post-
selected probability tends to be increased with the in-
crease of the post-selected angle φS . More precisely, the
standard PPSM scheme shows larger post-selected prob-
ability for a larger time delay. However, in the modulated
PPSM scheme the low probability is retained for an ar-
bitrary time delay when keeping the small post-selected
angle φM (corresponding to a narrow modulated inter-
mediate region) unchanged, see Fig. 6(b).

IV. REALIZATION OF THE MODULATED

PPSM SCHEME

Standard PPSM scheme shows extremely high sen-
sitivity and precision for an extremely small coupling
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strength, but has little feasibility to attain the sensitiv-
ity or precision with adjustable post-selection in practice.
The schematic diagram of the standard PPSM scheme is
shown in Fig. 7(a). For the case of balanced pointer, the
measurable range of extremely small coupling strength
is limited at a narrow linear region which may miss the
most precise estimation. For the case of the unbalanced
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FIG. 6: Post-selected probability as a function of the time
delay τ in (a) standard PPSM scheme and (b) modulated
PPSM scheme, respectively.

pointer, the walk-off effect of the pointer shift curve hin-
ders one from detecting the rough magnitude of the cou-
pling strength to be measured. For contrast, modulated
PPSM scheme has the ability to attain both the high-
est sensitivity and precision for an arbitrary coupling
strength. In this case, the specific strategy of performing
the modulated PPSM scheme becomes much crucial.
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FIG. 7: Schematic diagram of (a) standard PPSM scheme
and (b) modulated PPSM scheme. In the standard PPSM
scheme, the post-selection is adjustable based on the feedback
outcomes. In the modulated PPSM scheme, the post-selected
angle is initially set as φM = π/4; then, the coupling-strength-
dependent modulation is introduced and the post-selection is
modulated based on the feedback outcomes.

Suppose an arbitrary coupling strength (i.e., the pa-
rameter to be measured) is expressed as g = g0+∆g with
g0 and ∆g representing the expected value of measure-
ment outcomes and the uncertainty, respectively. More
precisely, the uncertainty ∆g can be regarded as a small
fluctuation of measured coupling strength which is not
detectable in general. Modulated PPSM scheme shows
its significance in measuring ∆g with high-precision, with
a schematic diagram shown in Fig. 7(b). Concretely,
the modulated PPSM scheme in the case of balanced
pointer is performed in terms of three steps: first, the
coupling strength can be roughly estimated as g0 with
a fixed post-selected angle φM = π/4 which is analo-
gous to the balanced homodyne detection[31]; then, the
coupling-strength-dependent modulation is determined
as gM = −g0 and the post-selected angle is modulated
based on ∆g (|∆gσ| ≪ |φM |/2), i.e., ∆g is located within
the modulated linear region |(g+gM )σ| ≪ φM |/2; finally,
the uncertainty ∆g is precisely estimated.
In the case of the unbalanced pointer, the modulated

PPSM scheme is also divided into three steps: first,
the post-selected angle is chosen as φM = π/4 and the
coupling-strength-dependent modulation is set as gM =
φM/8q0, the coupling strength is roughly estimated as g0;
then, the coupling-strength-dependent modulation is de-
termined as gM = φM/2q0− q0 and the post-selected an-
gle is modulated based on ∆g (|∆gq0 − φM/2| ≪ |∆gσ|)
as a function of the feedback information of the rough
estimation, i.e., ∆g is located within the modulated non-
linear intermediate region |g′q0 − φM/2| ≪ |g′σ|; finally,
the uncertainty ∆g is precisely estimated.

V. CONCLUSIONS

By including appropriate modulation for the coupling
strength to be measured and the post-selection state,
we are able to reach the attainable highest sensitivity
and precision in the modulated PPSM scheme. We have

given the optimal modulation corresponding to the opti-
mal sensitivity and precision, which meets precision mea-
surement for an arbitrary coupling strength without any
approximation.
In this work, we have compared the modulated PPSM

scheme to the standard PPSM scheme, respectively, in
the case of the balanced pointer and unbalanced pointer.
For the case of balanced pointer, both sensitivity and
precision tends to be decreased with the increase of the
coupling strength to be measured in the standard PPSM
scheme. Modulated PPSM scheme has the ability to re-
tain high sensitivity and precision for an arbitrary cou-
pling strength only at the cost of retaining low post-
selected probability. For the case of the unbalanced
pointer, both the highest sensitivity and precision may
be reached only via the modulated PPSM scheme, which
inevitably requires low post-selected probability. As for
the implement of the modulated PPSM scheme in prac-
tical experiments, we have given the specific strategy of
performing the modulated PPSM scheme.
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Appendix A: Quantum Fisher information of |Ψ′〉

Consider a two-level QS pre-selected at the state |ψi〉 =
cos(θi/2)|0〉 + sin(θi/2)e

iφi|1〉, and a MA initially pre-
pared at |Φi〉 =

∫
dqf(q)|q〉 with the wave function

f(q) = (πσ2)−1/4 exp[−(q − q0)
2/2σ2]. An additional

coupling-strength-dependent modulation, noted as gM ,
reconstructs the interaction Hamilton as Ĥ ′ = −(g +

gM )Â⊗ q̂. The QS-MA joint state then is expressed as

|Ψ′〉 =e−i
∫
Ĥ′dt|ψi〉|Φi〉

=

∫
dq[cos

θi
2
|0〉ei(g+gM )q

+ sin
θi
2
|1〉eiφie−i(g+gM q)]f(q)|q〉,

(A1)

The quantum Fisher information (QFI) carried by |Ψ′〉
is calculated as follows

FQ = 4(〈∂gΨ′|∂gΨ′〉 − |〈Ψ′|∂gΨ′〉|2). (A2)

where

〈∂gΨ′|∂gΨ′〉 =
∫
dqq2f2(q) = q20 +

1

2
σ2, (A3)

〈Ψ′|∂gΨ′〉 = i cos θi

∫
dqqf2(q) = i cos θiq0. (A4)
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Substituting Eqns. (A3-A4) into Eq. (A2), we have
FQ = 4q20 + 2σ2 − 4 cos2(θi)q

2
0 . FQ reaches the maxi-

mum FQ
max = 4q20 + 2σ2 when cos θi = 0.

Appendix B: Quantum Fisher information of |Φ′

f 〉

Suppose the QS is post-selected at |ψf 〉 =
cos(θf/2)|0〉+sin(θf/2)e

iφf |1〉, the normalized MA state
then is written as

|Φ′

f 〉 =
〈ψf |Ψ′〉√

pd

=
1√
pd

∫
dq[cos

θi
2
cos

θf
2
ei(g+gM )q

+sin
θi
2
sin

θf
2
eiφe−i(g+gM )q]f(q)|q〉. (B1)

Under the condition of reaching the maximal QFI of the
state |Ψ′〉 (with cos θi = 0), the probability of successful
post-selection is given by

pd =
1± sin θf

∫
dq cos[2(g + gM )q]f2(q)

2
, (B2)

where ± corresponds to that sin θi = ±1. Hence, the
normalized MA state is rewritten as

|Φ′

f 〉 =
∫
dq[cos

θf
2 e

i(g+gM )q ± sin
θf
2 e

iφei(g+gM )q]f(q)|q〉√
2ξ(g)

,

(B3)
where we define ξ(g) =

√
pd for later analysis. Then, we

have

|∂gΦ′

f 〉 =
1√

2ξ2(q)

∫
dq{cos θf

2
eig

′q[iqξ(g)− ξ′(g)]

± sin
θf
2
eiφe−ig′q[−iqξ(g)− ξ′(g)]}f(q)|q〉,

(B4)

〈∂gΦ′

f |∂gΦ′

f 〉 =
1

2ξ4(g)

∫
dq{q2ξ2(g) + ξ′2(g)

± [−q2ξ2(g) + ξ′2(g)] sin θf cos(2g
′q − φ)

± qξ(g)ξ′(g) sin θf sin(2g
′q − φ)}f2(q),

(B5)

〈Φ′

f |∂gΦ′

f 〉 =
1

2ξ3(g)

∫
dq{iqξ(g) cos θf − ξ′(g)∓ sin θf [q

ξ(g) sin(2g′q − φ) + ξ′(g) cos(2g′q − φ)]}f2(q),
(B6)

where g′ = g + gM denotes the total coupling strength.
For the case of balanced pointer (with q0 = 0), the QFI

of the state |Φ′

f 〉 is calculated as

Fd =4pd(〈∂gΦ′

f |∂gΦ′

f 〉 − |〈Φ′

f |∂gΦ′

f 〉|2)
≃σ2(1 + cosφ) + 2(1− cosφ)ξ′20 (g)/ξ20(g)

− (1− cosφ)2ξ′20 (g)/ξ40(g)

≃2σ2,

(B7)

where the first approximation is feasible with |(g +
gM )σ| ≪ 1, ξ0(g) and ξ′0(g) denote the corresponding
ξ(g) and ξ′(g) under this approximation, respectively.
The second approximation is feasible with |φ| ≪ 1. Un-
der these limits, the maximal QFI FQ

max = 2σ2 of |Ψ′〉
can be completely retained after post-selection. Note
that these approximations are derived provided that
sin θi sin θf = −1.
For the case of unbalanced pointer (with q0 6= 0 and

|q0 ≫ σ|), the QFI of the state Φ′

f is calculated as

Fd =4pd(〈∂gΦ′

f |∂gΦ′

f 〉 − |〈Φ′

f |∂gΦ′

f 〉|2)
≃(2q20 + σ2)(1 + η)− 2ηg′2σ4 + 2(1− η)ζ′2(g)/ζ2(g)

− 2ηg′σ2ζ′(g)/ζ(g)− (1− ηg′σ2 − η)2ζ′2(g)/ζ4(g)

≃4q20 + 2σ2,
(B8)

where η = exp(−g′2σ2). The first approximation is
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FIG. 8: Quantum Fisher information (QFI) of the state |Φ′

f 〉
as a function of the total time delay τ ′ = τ + τM under the
condition that φM = 2(τ + τM )ω0.

feasible with φ = 2(g + gM )q0, ζ(g) and ζ′(g) denote
the corresponding ξ(g) and ξ′(g) under this approxima-
tion, respectively. The second approximation is feasi-
ble with |(g + gM )σ| ≪ 1. Obviously, the maximal QFI
FQ
max = 4q20 +2σ2 of the state |Ψ′〉 can be completely re-

tained under these approximations. Fig. 8 shows the
influence of the total coupling strength g′ = g + gM
on the QFI of the state |Φ′

f 〉 under the condition that

φ = 2(g + gM )q0, which is exampled by the time delay
measurements (with τ ′ serving as g′) discussed in the
text. We can see that Fd undergoes only a slight re-
duction for a large range of the time delay τ ′. In the
modulated PPSM scheme, by introducing an appropri-
ate modulation τM to meet |τ ′σ| ≪ 1, the maximal FI
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FQ
max can always be retained for an arbitrary time delay
τ to be measured. In analogy to the standard PPSM
scheme (τM = 0), Fd tends to be slightly reduced with

the increase of the time delay τ to be measured. For the
case of the unbalanced pointer, this reduction of QFI is
hardly shown in the most measurement scenarios.
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